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Worst-Case Gust-Response Analysis for Typical
Airfoil Section with Control Surface
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This paper determines the worst-case gust response of a typical airfoil section with a control surface. Matched
filter theory is employed in order to compute the gust that produces a maximum response. These results are
compared with a tuned one-minus-cosine gust, one of the standard representations of discrete gusts. It is found
that the responses obtained by the matched filter theory are about twice as large as those obtained using the
one-minus-cosine gust. Moreover, it is found that the hinge stiffness of the control surface can affect the plunging
motion.

Nomenclature
b = length of half-chord
b = aerodynamic force vector caused by the gust,

(1/w̄G){L̄G M̄G
α M̄G

β }T

C(k) = Theodorsen function
G(s), G(ω) = gust prefilter
H = gust gradient distance
Hh, Hα, Hβ = transfer functions relating the displacements

h, α, β to wG

Hy(ω) = frequency response function of airplane
h = plunge displacement, 2bn
hy(t) = unit impulse response
Iα, Iβ = mass moment of inertia about elastic axis,

control surface hinge
J0(k), J1(k) = Bessel function of the first kind
K = arbitrary constant
k = reduced frequency, ωb/U
L = scale of turbulence
LG = lift caused by gust
L M = lift caused by wing motion
L M

C , L M
NC = lift of the circulatory flow, noncirculatory flow

MG
α , MG

β = moment caused by gust
M M

α , M M
β = moment caused by wing motion

m = airfoil total mass
n = gust gradient distance in chords
p, s = Laplace variable
R = ratio of standard deviations
Sα, Sβ = static moment
Ti = aerodynamic coefficient
t = time
t0, τ0 = arbitrary time shift
U = airspeed
wG = upwash caused by gust
w0.75c = downwash at 75% chord
ŵ1 − cos = maximum velocity of discrete gust
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x, X (ω) = arbitrary input
x̄ = displacement vector, {h̄ ᾱ β̄}T

x∗, ξ ∗ = dimensionless chordwise variable
y, Y (ω) = response of linear system
ymax = maximum response of y
α = angle of attack
β = deflection angle of control surface at hinge
� p̄a = lift distribution caused by gust
δ(τ ) = Dirac delta function
ρ = air density
σ = standard deviation
σhy = standard deviation of impulse response
σx = standard deviation of matched

excitation waveform
τ = nondimensional time, Ut/b

(ω) = von Kármán gust power spectral density
φ(τ) = Wagner function
ψ(τ) = Küssner function
ω = circular frequency
ωh, ωα, ωβ = natural circular frequency, given by

√
(Kh/m),√

(Kα/Iα),
√

(Kβ/Iβ)

Introduction

T O determine worst-case gust responses is very important for
the design and structural safety of aircraft. There are two ap-

proaches to compute gust responses. One is a frequency-domain
approach, and the power-spectral-density method has been widely
used.1−4 Another approach is a time-domain simulation, which can
calculate time-correlated gust responses. This latter approach is,
moreover, divided into an optimal search or a deterministic pro-
cedure. The statistical-discrete-gust (SDG) method5,6 belongs to
the former procedure and was developed by Jones, whereas the
matched filter theory (MFT) is based on the latter procedure. MFT
can solve directly for the worst-case gust input without using the
calculus of variations and reduces computational costs relative to the
SDG method. MFT was applied to an electrical circuit system by
Papoulis7 and implemented to obtain the worst-case gust responses
by Zeiler and Pototzky8 and Pototzky et al.9

Most studies of the MFT have been made for gust loads10−15

except for the study of a plunging motion of a rigid airplane by
Lee and Lan.15 As described in Ref. 9, however, the use of MFT
is not limited to gust loads and can be applied for various system
outputs. From the viewpoint of passenger comfort, dynamic aircraft
motion also becomes important. This paper focuses on gust motion
responses instead of gust loads. One purpose of this paper is to apply
the MFT to determine the motion of a typical airfoil section with
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a control surface and verify its effectiveness. The MFT results are
also compared with responses obtained by the one-minus-cosine
discrete gust. The latter is often used to determine discrete dynamic
gust loads and is the basis of the SDG method.

Another purpose is to investigate the effects of the hinge stiffness
of the control surface on gust responses as an application of the MFT.
Control surfaces are often employed for gust load alleviation.16,17

Similarly, gust motion response can also be controlled by the control
surfaces.

Theoretical Development
The basic concept of the MFT is illustrated in Fig. 1. The sys-

tem dynamics are assumed to be known and are composed of the
prefilter and the airplane dynamics. The MFT is a method to obtain
the worst-case gust response given these dynamics. The matched
excitation waveform, which produces a maximum response, is di-
rectly given by a shift and reversal in time from the impulse response
of the known system dynamics. The gust input for the airplane is
represented by the critical gust profile, which is the response of
the prefilter to the matched excitation waveform. Then, the gust
response to the matched excitation waveform can be obtained as
the worst-case gust response. In the MFT method, searching proce-
dures and the calculus of variations are not needed, unlike the SDG
method.

The following mathematical formulation to obtain the maximum
gust response by the MFT is summarized from Ref. 9. The response
of a linear system Y (ω) to an arbitrary input X (ω) in the frequency
domain is given by

Y (ω) = Hy(ω)X (ω) (1)

where Hy(ω) can be written as

Hy(ω) = G(ω)H(ω) (2)

The prefilter depends on the problem and should be appropriately
selected. For gust-response problems, the von Kármán gust prefilter
is generally used. This prefilter is related to the von Kármán gust
power spectral density.

The unit impulse response of the system dynamics is, by the
inverse Fourier transform,

hy(t) = 1

2π

∫ ∞

−∞
Hy(ω)eiωt dω (3)

Then, the matched excitation waveform is chosen as in proportion
to the unit impulse response reversed in time and shifted by t0. This
waveform can be represented by following9

x(t) = hy(t0 − t)/K (4)

Fig. 1 Signal flow diagram of MFT.

In the case of a linear system, the maximum response is in proportion
to 1/K .

Consider now the maximum response generated by the matched
excitation waveform. The Fourier transform of Eq. (4) gives

X (ω) = (1/K )e−iωt0 Hy(−ω) = (1/K )H ∗
y (ω)e−iωt0 (5a)

Hy(ω) = K e−iωt0 X (−ω) = K X∗(ω)e−iωt0 (5b)

Substituting Eq. (5b) into Eq. (1), the response of the airplane is

y(t) = 1

2π

∫ ∞

−∞
K X∗(ω)X (ω)eiω(t − t0) dω (6)

Considering the exponential in the integrand, it is seen that the
maximum response occurs at t = t0.

ymax = y(t0) = K

[
1

2π

∫ ∞

−∞
X∗(ω)X (ω) dω

]
= Kσ 2

x (7)

The value of the standard deviation does not change by the opera-
tions of a shift and reversal in time. Therefore from Eq. (4), there
is a relationship between the standard deviations of the matched
excitation waveform and the impulse response, that is,

σx = σhy

/
K (8)

Substituting Eq. (8) into Eq. (7) gives

ymax = σ 2
hy

/
K (9)

Choosing the arbitrary constant to be K = σhy , Eq. (9) is finally

ymax = σhy (10)

σx also becomes one from Eq. (8). This result clearly shows that the
matched excitation waveform with a constraint of a unit standard
deviation leads to the maximum response σhy at the time of t0. This
constraint is very important to compare the results of MFT with
those for other gust inputs.

The von Kármán gust impulse response in Fig. 1 is then

g(t) = 1

2π

∫ ∞

−∞
G(ω)eiωt dω (11)

In addition, the critical gust profile is given by

wg(t) = 1

2π

∫ ∞

−∞
Wg(ω)eiωt dω (12)
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where, using Eq. (5a),

Wg(ω) = G(ω)X (ω) = (
1
/

σhy

)
G(ω)H ∗

y (ω)e−iωt0 (13)

Next, consider the case of an arbitrary excitation waveform. X ′(ω)
is used instead of the matched excitation waveform. Equation (1)
becomes

Y ′(ω) = Hy(ω)X ′(ω) (14)

From Eq. (6), then, the response of the airfoil is given by

y′(t) = 1

2π

∫ ∞

−∞
σhy X∗(ω)X ′(ω)eiω(t − t0) dω (15)

Applying the Schwartz’s inequality to Eq. (15) gives

|y′(t)|2 ≤ σ 2
hy

[
1

2π

∫ ∞

−∞
X∗(ω)X (ω) dω

]

×
[

1

2π

∫ ∞

−∞
X ′∗(ω)X ′(ω) dω

]
(16)

Under the constraint of σx = 1,

|y′(t)| ≤ σhy (17)

Equation (17) makes it clear that any arbitrary excitation waveform
cannot produce a larger response than the one which is caused by
the matched excitation waveform.

Formulation of Analytical/Numerical Model
A numerical model has been formulated to obtain the dynam-

ics. A typical airfoil section with a control surface is used for the
structual model in this paper. The Wagner and the Küssner func-
tions are employed for the unsteady aerodynamics model. Then,
the combination of the structural model and unsteady aerodynamics
gives the airplane dynamics. The gust is given by the von Kármán
gust prefilter. Flutter and gust response analyses are based on these
models.

Structural Model
A typical airfoil section with a control surface is shown in Fig. 2,

which has three degrees of freedom (h, α, and β). The equations
of motion of this model excited by the gust are derived from the
Lagrange’s equation and written as18

mḧ + Sαα̈ + Sβ β̈ + mω2
hh = L M + LG (18a)

Sα ḧ + Iαα̈ + [Iβ + b(a − e)Sβ ]β̈ + Iαω
2
αα = M M

α + MG
α (18b)

Sβ ḧ + [Iβ + b(a − e)Sβ ]α̈ + Iβ β̈ + Iβω2
ββ = M M

β + MG
β (18c)

The lift caused by wing motion is composed of L M
C and L M

NC.

L M = L M
NC + L M

C = −πρb2[U α̇ + ḧ − beα̈ − (1/π)U T4β̇

− (1/π)T1bβ̈] − 2πρbUC(k)w0.75c (19)

Fig. 2 Schematic of typical airfoil section with control surface.

Similarly, moments caused by wing motion are also comprised of
circulatory and noncirculatory terms and are given by

M M
α = −ρb2

{
π
(

1
2 − e

)
Ubα̇ + π

(
1
8 + e2

)
b2α̈ + (T4 + T10)U

2β

+ [
T1 − T8 − (a − e)T4 + 1

2 T11

]
Ubβ̇ − [T7 + (a − e)T1]b2β̈

− πbeḧ
} + 2πρb2U

(
1
2 + e

)
C(k)w0.75c (20)

M M
β = −ρb2

{[−2T9 − T1 + T4

(− 1
2 + e

)]
bU α̇ + 2T13b2α̈

+ (1/π)(T5 − T4T10)U
2β − (1/2π)T4T11bU β̇

− (1/π)T3b2β̈ − T1bḧ
} − ρT12b2UC(k)w0.75c (21)

In Eqs. (19–21), C(k) is the Theodorsen’s function and k = bω/U
is the reduced frequency. The downwash at the 75% chord is given
by

w0.75c(t) = Uα + ḣ + b
(

1
2 − e

)
α̇ + (1/π)T10Uβ + (1/2π)bT11β̇

(22)

Aerodynamic coefficients T1 through T13 depend on the location of
the elastic axis and the control surface hinge line and are shown in
the Appendix.

In the case of the typical airfoil section without flap, the equations
of motion can be obtained by substituting β(t) = 0 into Eqs. (18a)
and (18b) and eliminating Eq. (18c). This is used for analyses in the
limit ωβ → ∞.

Unsteady Aerodynamic Model
Aerodynamics caused by an indicial angle attack can be described

by the Wagner function

φ(τ) = 1

2π i

∫ ∞

−∞

C(k)

k
eikτ dk (23)

The R. T. Jones approximation19 to the Wagner function is often
used for a gust study20,21 and is also used in this paper,

φ(τ) = b0 − b1e−β1τ − b2e−β2τ (24)

The Laplace transform of Eq. (24) is

φ̄ = b0

p
− b1

p + β1
− b2

p + β2

= 1

p
− 0.165

p + 0.0455
− 0.335

p + 0.300
(25)

The bar symbol denotes the Laplace transform. The aerodynamics
caused by arbitrary motion are then described by employing the
Duhamel’s integral:

L M
C (τ ) = −2πρbUC(k)w0.75c = −2πρUb

×
[
w0.75c(0)φ(τ) +

∫ τ

0

dw0.75c(σ )

dσ
φ(τ − σ) dσ

]
(26)

The moments M M
α and M M

β can be obtained in the same way.
In a similar way, aerodynamics caused by an indicial gust can be

described by the Küssner function.

ψ(τ) = 1

2π i

∫ ∞

−∞

{C(k)[J0(k) − i J1(k)] + i J1(k)}eik(τ − 1)

k
dk

(27)

Again an approximation can be applied to Eq. (27) and written in
the Laplace domain as

ψ̄ = 1

p
− 0.500

p + 0.130
− 0.500

p + 1.000
(28)



KANDA AND DOWELL 959

The lift caused by an arbitrary gust is described by employing the
Duhamel’s integral

LG(τ ) = 2πρbU

[
wG(0)ψ(τ) +

∫ τ

0

dwG(σ )

dσ
ψ(τ − σ) dσ

]

(29)

Similarly, the aerodynamic moment about the elastic axis is

MG
α (τ ) = (

1
2 + e

)
bLG(τ ) (30)

The aerodynamic moment about the control surface hinge caused
by gust is

MG
β (τ ) = −

∫ b

ba

� p̄a(x)eikτ (x − ba) dx (31)

where � p̄a is given by the Schwarz’ solution.19

� p̄a(x∗)
ρU

= 2

π
[1 − C(k)]

√
1 − x∗

1 + x∗

∫ 1

−1

√
1 + ξ ∗

1 − ξ ∗ w̄G(ξ ∗)e−ikx∗
dξ ∗

+ 2

π

∫ 1

−1

(√
1 − x∗

1 + x∗

√
1 + ξ ∗

1 − ξ ∗
1

x∗ − ξ ∗

− ik

2
ln

1 − x∗ξ ∗ +
√

1 − ξ ∗2
√

1 − x∗2

1 − x∗ξ ∗ −
√

1 − ξ ∗2
√

1 − x∗2

)
w̄G(ξ ∗)e−ikx∗

dξ ∗

(32)

Describing Eq. (31) by using the Küssner function is complicated.
Assuming k � 1, upwash caused by gust can be assumed to be
constant over the wing. The circulatory part of aerodynamics caused
by wing motion is then the same as aerodynamics caused by gust.
Using downwash at 75% chord in the circulatory part of Eq. (21),
wG can be approximated as

wG = −w0.75c (33)

Then, MG
β is described by the Wagner function and the Duhamel’s

integral

MG
β = ρT12b2U

[
wG(0)φ(τ) +

∫ τ

0

dwG(σ )

dσ
φ(τ − σ) dσ

]
(34)

It has also been found that by neglecting MG
β altogether the subse-

quently described numerical results are virtually unchanged.

Gust Model
The von Kármán power spectral density for a vertical gust22 is

given by


(ω) = σ 2
g

L

2πU

1 + (8/3)(1.339ωL/U )2

[1 + (1.339ωL/U )2]11/6
(35)

The corresponding form of the transfer function23 for the von
Kármán gust is

G(s) = σg

√
L

πU

× [1 + 2.618 (L/U ) s][1 + 0.1298 (L/U ) s]

[1 + 2.083 (L/U ) s][1 + 0.823 (L/U ) s][1 + 0.0898 (L/U ) s]

(36)

Note that the following relationship between the Laplace variables
s and p is used to obtain G(p):

s = bp/U (37)

Final Description of Equations of Motion
Assuming no motion and no gust on the wing at τ = 0, the initial

conditions are

w0.75c(0) = 0, wG(0) = 0 (38)

The final description of equations of motion is obtained by nondi-
mensionalization, transform of Eq. (18) to the Laplace domain, and
substituting Laplace transformed Eqs. (19–22), (25), (26), (28), and
(29–34) with the initial condition equation (38). In the matrix form,
the equation is given by

[A]{x̄} = w̄G{b} (39)

The elements of the matrix A are given in the Appendix.

Flutter Characteristics
This section of the paper describes the flutter characteristics of

the model. Assuming no structural damping, the flutter equation is
given by setting at b = 0 in Eq. (39). Then the nontrivial solution is
given by the determinant of A:

det[A(p)] = 0 (40)

The flutter calculation is executed for a range of the con-
trol surface natural frequency ωβ , from 5 to 120 rad/s. For
the flutter and the gust-response calculation described in next
section, the following values are set: b = 1.143 m, e = 0.0,
a = 0.5, m = 35.21 kg, Iα = b2m/3 kg · m2, Iβ = b2m/48 kg · m2,
Sα = 0.0, Sβ = bm/16 kg · m, ωh = 29.09 rad/s, ωα = 80.00 rad/s,
and ρ = 1.2256 kg/m3. Some values are chosen from Ref. 24.

Shown in Fig. 3a is the flutter speed as a function of ωβ . As ωβ in-
creases, the flutter speed approaches the asymptotic value (137 m/s)
for the case of a wing with two degrees of freedom. It is found
that the flutter speed becomes lowest at ωβ = 20. However, struc-
tural damping can significantly increase this minimum flutter speed.
Figure 3b shows the natural frequency as a function of airspeed at
ωβ = 60. It is known that this flutter is coupling between the first
and the second mode.

Gust-Response Characteristics
Two kinds of gust responses have been computed. One is the

response from the MFT. The other is the response to the one-minus-
cosine gust. Then the gust responses obtained by both approaches
are compared.

Fig. 3a Flutter speed vs control surface natural frequency.

Fig. 3b Frequency vs airspeed.
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Fig. 4 Frequency responses of Hh, Hα, and Hβ

Fig. 5 One-minus-cosine
gust profile.

Matched-Filter-Theory Approach
A transfer function is derived from Eq. (39).

H =(1/w̄G){x̄} = A−1b (41)

Using the transfer function for the von Kármán gust in Eq. (36), the
total dynamics shown in Eq. (2) becomes

Hy = GH = {Hh Hα Hβ}T (42)

Here, the gust properties are set at L = 762 m, σg = 1.0 m/s, and the
airspeed is U = 28.6 m/s. At this airspeed, it is found that flutter
does not occur above ωβ = 55 from Fig. 3. The frequency responses
for dynamics Hy at ωβ = 60 are shown in Fig. 4. It is clearly found
that there is a peak near the natural frequency of the plunging motion
(ωh = 29.09 rad/s = 4.63 Hz).

The impulse response of the plunging motion is selected here to
obtain the matched excitation waveform:

hy(τ ) = L−1(Hh) (43)

The shift time is set at τ0 = 80 in Eq. (4), which is enough time for
the impulse response to decay.

One-Minus-Cosine Discrete Gust
A one-minus-cosine gust profile is the gust structure shown in

Fig. 5 and Eq. (44). This profile is an idealization of a real gust:

w1 − cos =




1

2
ŵ1 − cos

(
1 − cos

2π tU

2H

)

= 1

2
ŵ1 − cos

(
1 − cos

πτ

2n

)
(0 ≤ τ ≤ 4n)

0 (4n < τ) (44)

The standard deviation value should be appropriately chosen to com-
pare with the result of the MFT, that is, the standard deviations of
one-minus-cosine gust and the critical gust profile should be same.
The ratio of the standard deviation of the critical gust profile to that
of the matched excitation waveform is given by

R = σwg

σx
=

√∫ ∞
−∞ w2

g(τ ) dτ√∫ ∞
−∞ x2(τ ) dτ

(45)

But this ratio is equal to the standard deviation of the critical gust
profile σwg because of the constraint σx = 1. The standard deviation
of the gust profile presented by Eq. (44) is

σ1 − cos =
√∫ ∞

−∞
w2

1 − cos(τ ) dτ =
√

3n

2
ŵ1 − cos (46)

Then, the appropriate one-minus-cosine gust profile is given by

w1 − cos(τ ) = R × w1 − cos(τ )

σ1 − cos
=

√
1

6n
R

(
1 − cos

πτ

2n

)
(47)

Note that if n → 0

w1 − cos(τ ) = R × δ(τ ) (48)

Using the selected gust profile of Eq. (47), a direct comparison with
the MFT result can be made.

The gradient distance is yet unknown. For static gust loads, the
gradient distance is selected to be 12.5 mean geometric wing chords
in the U.S. Air Force, U.S. Navy, and Federal Aviation Administra-
tion requirements.25,26 However, here the gust gradient distance is
selected to give maximum response because the dynamic response
is very sensitive to the gradient distance.27 The maximum response
of the plunging motion is shown as a function of gradient distance in
Fig. 6. It is found that the response becomes a maximum at n = 1.1.
As a result of computations, it is found that the maximum response
occurs at the same gradient distance for the full range of ωβ consid-
ered. Thus, the one-minus-cosine gust is considered for n = 1.1.

Results and Discussion
Shown in Fig. 7 are worst-case gust responses of the plunging

motion h at ωβ = 60. The critical gust profile, the matched excit-
ing waveform, and the one-minus-cosine gust profile are all shown

Fig. 6 One-minus-cosine gust response vs gust gradient distance.

Fig. 7 Gust profiles and responses.
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Fig. 8 Energy of maximum response as a function of ωβ .

together. It is found that the response calculated by the MFT be-
comes maximum at τ0 = 80. The maximal value 0.0167 is equal to
the standard deviation σhy and also the constant K . These results
prove that the theory is appropriately applied to the model. Com-
pared with the one-minus-cosine gust response, the response by the
MFT is larger for the chosen response variable h. The energy of
maximum responses in h, α, and β as a function of ωβ are shown
in Fig. 8. The total energy in h, α, and β are respectively given
by mω2

hh2/2, Iαω
2
αα

2/2, and Iβω2
ββ2/2. Note that kinetic energy

becomes zero at a time of maximum response. It is clear that the
energy in the h motion is larger than for α and β motion in both
methods. This is because the worst-case gust that maximizes the h
motion is selected. Results have indicated that the energy in the h
motion by using the MFT is about twice as large as that by using
the one-minus-cosine gust. Moreover, using the MFT it is possi-
ble to obtain directly the worst-case gust responses. In contrast, the
one-minus-cosine gust response is more difficult to obtain (more
computationally expensive) and also underestimates the worst-case
gust responses.

Next, consider characteristics of the worst-case gust responses as
a function of hinge stiffness. The energy found by the MFT measur-
ably decreases with decreasing ωβ. Hence, it is found that a change
in hinge stiffness changes the energy of the motion h that occurs
as a result of the worst-case gust. In contrast, the response energy
obtained by using the one-minus-cosine gust is almost constant, and
the one-minus-cosine gust therefore cannot evaluate the effect of the
hinge stiffness appropriately.

Conclusions
The worst-case gust response for a typical airfoil section with

a control surface has been computed using matched filter theory
(MFT). MFT can obtain directly the maximum responses without
tuning the gust excitation and/or the use of the calculus of variations.
Determination of the gust response has focused on motion instead of
loads in the present work. The equation of motion for an airfoil plus
control surface with three degrees of freedom has been formulated,
and the unsteady aerodynamics are modeled by the Wagner and the
Küssner functions. A prefilter has used the von Kármán gust transfer
function.

Maximum responses calculated by the MFT are compared with
those determined by the one-minus-cosine gust. The one-minus-
cosine gust needs to be tuned by an appropriate selection of a gra-
dient distance. It has been shown that the MFT response is about
twice that of the one-minus-cosine gust for the plunging motion.
Thus it is clear that the MFT can be effectively applied to determine
the worst-case gust. Second, the characteristics of gust responses
as a function of hinge stiffness have been examined. The results

show that the energy of the plunging motion that occurs as a result
of the worst-case gust measurably decreases with decreasing hinge
stiffness.

The effectiveness of the MFT has been shown in this paper. Also,
these results will be useful to an understanding of how to control
aircraft motion caused by a gust.

Appendix: Coefficients and Matrix
Aerodynamic Coefficients

Aerodynamic coefficients Ti included in Eqs. (19–22) are given
as28

T1 = −(
1
3

)√
1 − a2(2 + a2) + a cos−1 a

T2 = a(1 − a2) −
√

1 − a2(1 + a2) cos−1 a + a(cos−1 a)2

T3 = (
1
8 + a2

)
(cos−1 a)2 + (

1
4

)
a
√

1 − a2 cos−1 a(7 + 2a2)

− (
1
8

)
(1 − a2)(5a2 + 4)

T4 = − cos−1 a + a
√

1 − a2

T5 = −(1 − a2) − (cos−1 a)2 + 2a
√

1 − a2 cos−1 a

T6 = T2

T7 = −(
1
8 + a2

)
cos−1 a + (

1
8

)
a
√

1 − a2(7 + 2a2)

T8 = −(
1
3

)√
1 − a2(2a2 + 1) + a cos−1 a

T9 = (
1
2

)[(
1
3

)(√
1 − a2

)3 + aT4

]

T10 =
√

1 − a2 + cos−1 a

T11 = cos−1 a(1 − 2a) +
√

1 − a2(2 − a)

T12 =
√

1 − a2(2 + a) − cos−1 a(2a + 1)

T13 = (
1
2

)
[−T7 − (a − e)T1]

Matrix A
Elements ai j of A, which is a 3 × 3 matrix in Eq. (39), are given

as follows:

a11 = m(U 2/b2)p2 + mω2
h + πρU 2(1 + 2φ̄)p2

a12 = Sα(U
2/b2)p2 + πρbU 2(1 + 2φ̄)p

+ πρbU 2[(1 − 2e)φ̄ − e]p2

a13 = Sβ(U 2/b2)p2 + ρbU 2(2T10φ̄ − T4) + ρbU 2(T11φ̄ − T1)p2

a21 = Sα(U
2/b2)p2 − πρbU 2[(1 + 2e)φ̄ + e]p2

a22 = Iα(U
2/b2)p2 + Iαω

2
α + πρb2U 2

[(
1
2 − e

) − (1 + 2e)φ̄
]

p

+ πρb2U 2
[

1
8 + e2 − (

1
2 − 2e2

)
φ̄
]

p2

a23 = [Iβ + b(a − e)Sβ ](U 2/b2)p2 + ρb2U 2(T4 + T10)

+ ρb2U 2
[−(1 + 2e)T10φ̄ + T1 − T8 − (a − e)T4 + 1

2 T11

]
p

+ ρb2U 2
[−(

1
2 + e

)
T11φ̄ − T7 − (a − e)T1

]
p2

a31 = Sβ(U 2/b2)p2 + ρbU 2(T12φ̄ − T1)p2

a32 = [Iβ + b(a − e)Sβ ](U 2/b2)p2 + ρb2U 2
[
T12φ̄ − 2T9 − T1

− (
1
2 − e

)
T4

]
p + ρb2U 2

[(
1
2 − e

)
T12φ̄ + 2T13

]
p2
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a33 = Iβ(U 2/b2)p2 + Iβω2
β + (1/π)ρb2U 2(T5 − T4T10)

+ (1/π)ρb2U 2
(
T10T12φ̄ − 1

2 T4T11

)

+ (1/π)ρb2U 2
(

1
2 T10T12φ̄ − T3

)
p2
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